The algebra of observables of a system of two identical vortices in a superfluid thin film is described as a generalized deformed oscillator with a structure function containing a linear (harmonic oscillator) term and a quadratic term. In contrast to the deformed oscillators occuring in other physical systems (correlated fermion pairs in a single-j nuclear shell, Morse oscillator), this oscillator is not amenable to perturbative treatment and cannot be approximated by quons. From the mathematical viewpoint, this oscillator provides a novel boson realization of the algebra su(1,1).
1
The possibility of the existence in two dimensions of statistics intermediate between the bosonic and fermionic ones has attracted recently much attention 1 , since it is related to questions concerning the fractional quantum
Hall effect and anyon superconductivity. The quantization of the system of two identical vortices has also attracted much attention, since it has been suggested as an anyon candidate 2−7 , although opposing views also exist 8 .
On the other hand, quantum algebras (quantum groups) 9,10 which are nonlinear generalizations of the usual Lie algebras to which they reduce for appropriate values of the deformation parameter(s), have been finding applications as the dynamical symmetry algebras of several physical systems.
For the boson realization of these algebras, various kinds of deformed oscillators have been introduced 11−15 and unification schemes for them have been suggested (see 16 for a list of references). In the framework of intermediate statistics the term quons has been used for some of these oscillators 17, 18 .
In the present work the quantization of a system of two identical vortices in a superfluid thin film will be considered. It will be demonstrated that the algebra of the observables of this system is a generalized deformed oscillator 16, 19 with a structure function containing a linear term, which corresponds to the usual harmonic oscillator, and a quadratic term. This oscillator is not amenable to perturbative treatment and cannot be approximated by quons, which do provide an adequate description of other physical systems.
Let us consider a system of two identical massless point vortices in an unbounded flat, frictionless, incompressible, superfluid thin film 2, 7 . If the vortices are centered at the points (x i , y i ), i = 1, 2, we introduce the relative coordinates
as well as the center of vorticity coordinates
The center of vorticity coordinates are constants of motion, while the equations of motion for the relative coordinates are
where κ is the quantized vorticity of the superfluid 7 , given by
where m is the mass of the atoms in the superfluid. We will assume that κ is positive. (Negative κ corresponds to vortices with opposite circulation.)
The relevant Hamiltonian is
where a is a scale parameter. The energy E of the system is related to the Hamiltonian H by
where ρ is the density and δ the thickness of the superfluid film. The momentum conjugate to x, with appropriate dimensions, is
the canonical quantization condition being
The relative coordinates x and y are not invariant under the interchange of the position of the two vortices
while the observables of the system have to be invariant under this interchange. Therefore quantities acceptable as observables are
satisfying the commutation relations
Introducing the operators
the commutation relations take the form
one sees that these commutation relations acquire the su(1,1) form
For later use we also remark that the first of these equations can be written
On the other hand, it is known that a deformed oscillator 16, 19 can be defined by the algebra generated by the operators {1, a, a † , N} and the structure function Φ(x), satisfying the relations:
and
where Φ(x) is a positive analytic function with Φ(0) = 0 and N is the number operator. From Eq. (18) we conclude that:
and that the following commutation and anticommutation relations are obviously satisfied:
The structure function Φ(x) is characteristic to the deformation scheme.
In Table 1 the structure functions corresponding to various deformed oscillators are given.
Generalized deformed algebras possess a Fock space of eigenvectors |0 >, |1 >, . . ., |n >, . . . of the number operator N N|n >= n|n >, < n|m >= δ nm ,
if the vacuum state |0 > satisfies the following relation:
These eigenvectors are generated by the formula:
where
The generators a † and a are the creation and destruction operators of this deformed oscillator algebra:
Returning to the system of two vortices, we see that the first equation 
where u is a constant to be determined later.
Performing a straightforward calculation one can show that
Substituting in Eq. (27) A from Eq. (26) one obtains
where Φ(x) is the structure function given by
which imply
and therefore
while from Eq. (26) one has
The basis in the present case is given by
In this basis one has
N|n >= n|n >,
the eigenvalues of the operator A being
Since the Hamiltonian (Eq. 5) can be written as
the energy eigenvalues are
in agreement with Eq. (17) of 6 .
We have therefore constructed a deformed oscillator describing the system of two vortices. The following comments are now in place:
i) As seen in Table 1 , the structure function for usual bosons (harmonic oscillator) is Φ(N) = N, while in the present case of the system of two vortices one has Φ(N) =h 2 (N/2 + N 2 ), i.e. the structure function is a linear combination of a bosonic and a quadratic term, indicating the relation of the two-vortex system to intermediate statistics 1−5 .
ii) The algebra of observables studied here is the same as the one occuring for a system of two anyons in a strong magnetic field 29 .
iii) The assumption that vortices are point-like is known to be quite re-
iv) Deformed oscillators have been found useful in describing some other physical systems. In the case of correlated fermion pairs of zero angular momentum in a single-j nuclear shell the structure function of the relevant oscillator is
where 2Ω = 2j + 1 is the size of the shell, while in the case of the Morse oscillator the structure function has the form
where x e is the anharmonicity constant. Both cases can be viewed as perturbed harmonic oscillators, since the parameters 1/Ω and x e are small. In the case of the two-vortex system, however, no small parameter appears, the N 2 term having a coefficient twice as large as the one of N. Therefore no perturbative treatment is possible in this case.
v) The deformed bosons introduced in the two examples mentioned above (single-j shell, Morse potential), can be approximated by Q-bosons 11, 12 , characterized by the structure function
where Q = e T (with T real). In the former case the deformation parameter
T is related to the size of the shell by T = −2/Ω 32 , while in the latter it is connected to the anharmonicity constant by T = −2x e 31 . In the present case of the two-vortex system the deformed bosons cannot be approximated by in the literature of intermediate statistics under the name of quons 17, 18 .
vi) It should always be kept in mind that in the cases of the two examples mentioned above the energy of the system is given by the energy of the oscillator, while in the case of the two vortices the energy of the system is related to the number operator of the deformed oscillator.
vii) The deformed oscillator operators B + , B − and N provide a new boson mapping for the generators of the su(1,1) algebra of Eq. (15), through
Existing boson mappings 33−35 of su(1,1) in terms of usual bosons include the Schwinger realizatioñ
which involves two sets of bosons, (a † 1 , a 1 , N 1 and a † 2 , a 2 , N 2 ), as well as the realizationB
with 
where q 2 = ρ 0 σ 2 , ρ 0 is the fluid mass-density, σ = h/m is the vorticity (same as κ of Eq. (4) in our notation), r 0 is the vortex core size, and n i are integers describing the vorticity quantization 2,36,37 .
ix) A canonical quantization scheme for vortices in superfluid He II has been given in 38, 39 . An infinite Lie algebra of incompressible flows is obtained, introduced by the quantization in the theory.
In conclusion, we have shown that the algebra of observables of a system of two identical vortices in a superfluid thin film can be described in terms of a generalized deformed oscillator characterized by a structure function containing a linear (harmonic oscillator) term and a quadratic term. From the mathematical point of view, this deformed oscillator provides a novel boson realization of the su(1,1) algebra. In contrast to other physical systems (correlated fermion pairs, Morse oscillator) the two-vortex system cannot be seen as a perturbed harmonic oscillator and cannot be approximated by Qbosons or quons. 
